The Safety Simple Subset

Shoham Ben-David Dana Fismah3**  Sitvanit Ruaf

! University of Waterloo
2 Weizmann Institute of Science
3 |BM Haifa Research Lab

Abstract. Regular-LTL (RLTL), extends LTL with regular expressions, and it is
the core of the IEEE standard temporal logic PSL. Safety formulas of RLTL, as
well as of other temporal logics, are easier to verify than other formulas. This
is because verification of safety formulas can be reduced to invariance checking
using an auxiliary automaton recognizing violating prefixes.

In this paper we define a special subset of safety RLTL formulas, called RiLTL

for which the automaton built inear in the size of the formula. We then give

two procedures for constructing such an automaton, the first provides a translation
into a regular expression of linear size, while the second constructs the automaton
directly from the given formula. We have derived the definition of Ri-_\’i'lby
combining several results in the literature, and we devote a major part of the
paper to reviewing these results and exploring the involved relationships.

1 Introduction

The specification languagesL [10] is an IEEE standard temporal logic which is widely
used in industry, both for simulation and for model checking. Wihdeis arich and ex-
pressive language, some of its formulas are hard to implement and expensive to verify.
For this reason, an effort has been made inrtbelanguage reference manual (LRM),

to define thesimple subsetvhich should consist of formulas that are easy to implement
and to verify. The LRM, however, provides no proof for the simplicity of the subset.

In this paper we deal with the simple subset of the LRM. We note that this subset,
as defined in the LRM, is geared towards simulation tools. In order to accommodate
model checking as well, we focus on the subset of the LRM simple subset, that consists
of safety formulas only. A formula is a safety formula if every violation @b occurs
after a finite execution of the system. Verification of safety formulas is easier for model
checking than verification of general formulas.

The core ofPsLis the language RegulamrL (RLTL), which extends linear tempo-
ral logic LTL [16] with regular expressions. The verification of a geneualL formula
typically involves the construction of an automatoniofinite words with size expo-
nential in the size of the formul@]. The restriction to safety formulas allows the use
of automata orfinite words. The use of a finite-word automata is important. It allows
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verification of safety formulas to be reduced to invariance checking, by stating the in-
variance “The violation automaton is not in an accepting state”. Invariance verification
is, for most of the verification methods, easier to perform than verification of a general
RLTL formula, making safety formulas easier to verify than others.

Kupferman and Vardi in [13], classify safety formulas according to efficiency of
verification. They define pathologically safe formulas, and show that non-pathologically
safe formulas are easier to verify than pathologically safe ones. In particular, they show
that violation of non-pathologically safe formulas can be detected by an automaton on
finite words with size exponential in the size of the formula.

In this document we define a subset of safetyL formulas, for which violation
can be detected by an automaton on finite words with iear in the size of the
formula. This subset corresponds to the definition of the safety simple sulrset'sn
LRM. We term this subseatLTLY, whereLV stands for “linear violation”. The defini-
tion of RLTLY restricts the syntax of the formulas to be specified. However, experience
shows that the vast majority of the safety formulas written in practice, are expressible
in RLTLY. Thus this subset is both easier to verify and very useful in practice.

We provide two procedures for the construction of a linear-sized automata) (
foranrLTLY formula. The first goes through building a linear-sized regular expression,
and the other directly constructs the automaton from the given formula. These procedure
can serveesLtool implementors.

We have derived the definition &LTLY by combining several results in the liter-
ature. We devote a major part of the paper to reviewing these results and exploring the
involved relationships.

Maidl [14] has studied the common subset of the temporal logicsandACTL.

She defined a syntactic subset.of, LTLPET, such that every formula in the common
fragment ofLTL andACTL has an equivalent inTLPET. By this she strengthened the
result of Clarke and Draghicescu [4] who gave a characterization afthdormulas

that can be expressedimL and the result of Kupferman and Var@ who solved the
opposite problem of deciding whetherian. formula can be specified in the alternation
free y-calculus. She further showed that for formulas m PET there exists a 1-weak
Buchi automaton, linear in the size of the formula, recognizing the negation of the
formula. The subsekLTLY can be seen as the safety subsetmf®E", augmented

with regular expressions. The augmentation with regular expressions is important as it
increases the expressive power. While Maidl was engaged with the expressiveness of
LTL andACTL, itis interesting to observe that the safety subserraPE" is associated

with efficient verification.

In [1] Beer et al. have defined the logRcTL, an extension ofTL with regu-
lar expressions via a suffix implication operator. They were interested in “on-the-fly
model checking”, which in our terminology, is called invariance verification. We there-
fore term their subsatcTLO™", whereOTF stands for “on-the-fly”. Beer et al. gave a
procedure to translate acTLO™" formula into a regular expression. Our results ex-
tend theirs, in the sense that the sulssetL" which corresponds taLTLY subsumes
RCTLOTF. We elaborate more on this in Section 4.

The remainder of the paper is organized as follows. In Section 2 we provide some
preliminaries. In Section 3 we defimeTLY and provide a succinct construction yield-



ing a regular expression of linear size recognizing violation. In Section 4 we discuss
the relation of this subset with the results of Kupferman and Vardi [13], Maidl [14] and
Beer et al. [1]. In Section 5 we provide a direct construction fonan of linear size,

and in Section 6 we conclude.

2 Preliminaries

2.1 Notations

Given a set of atomic propositiofits we useXp to denote the alphab2tu{ T, L}. That

is, the set of interpretations of atomic propositions extended with two special symbols
T and_L.> We useBp to denote the set of boolean expressions yevhich we identify

with 22°. That is, every boolean expression is associated with the set of interpretations
satisfying it. The boolean expressiofge and false denote the elemen®’ and() of

Bp, respectively. When the set of atomic propositions is assumed to be known, we often
omit the subscripP from X andBp.

We denote a boolean expressioniyy: or d, a letter fromX' by ¢ (possibly with
subscripts) and a word frotd by u, v, orw. Theconcatenatiomf « andv is denoted by
uv. If wis infinite, thenuv = u. The empty word is denoted kyso thatwe = ew = w.

If w = wv, we definew/u = v and we say that is aprefixof w, denoted: < w, that
v is asuffixof w, and thatw is anextensiorof u, denotedw > wu.

We denote the length of a word by |w|. The empty wordv = ¢ has length 0, a
finite non-empty wordv = (sgs1s2 - - - s,) has lengtim + 1, and an infinite word has
lengthoo. We usei, j, andk to denote non-negative integers. Fot |w|, we usew' to
denote thei + 1) letter ofw (since counting of letters starts at zero). We denote by
w the word obtained by replacing everyin w with a L and vice versa. We refer ©
as thedual of w.

We denote a set of finite/infinite words 16§, V' or W and refer to them agrop-
erties Theconcatenatiorof U andV, denoted/V, is the sef{uv | u € U, v € V}.
DefineV® = {e} andV* = VV*~! for k > 1. TheKleene closuref V, denotedV
is the se”” = |, V*. The infinite concatenation df to itself is denoted’«. The
unionV* UV« is denoted/*°. For a letter we use/* and¢“ as abbreviations of¢}*
and{¢}“, respectively.

2.2 Regular Expressions and Finite Automata

Traditional regular expressions are defined using the operators of concatenation (
union (J) and Kleene closure). We define regular expressions using also the operator
fusion( o), also known asverlapping concatenatio he fusion operator does not add
expressive power to regular expressions (see e.g. [1]).

Definition 1 (Regular Expressions REs)) Let b be a boolean expression. The set of
RES is recursively defined as follows:

ro= bl r-r| rUr| r*| ror

! The role of T and_L in the alphabet is explained in Section 2.3.



The semantics of regular expressions is defined inductively, using the semantics
of boolean expressions in the base case. For a boolean expréssi@hand a letter
¢ € X, we define the boolean satisfaction relationas follows. For € 2F, we define
LIEb < ¢ € b. We defineT IF b and L I¥ b. Note that in particulaiT I falseand
L ¢ true.

Definition 2 (Tight Satisfaction) Letv denote a finite (possibly empty) word ovey
b denote a boolean expression; and, andr, denoteres. The notation = r means
thatw tightly satisfies'. The relation £ is defined as follows:

—vE b+ |v]=1andv’ b
— v E 1119 < Ju1,v9 S.t.v = vyvg @anduvy E 1 andug E ro
—vEMUr<vErorvE r
— v E r* < eitherv = e or Juy, vy S.t.v1 # €, v = vivg, v1 E randuvy E r*
— v E rpory < Juy,vo andl s.t.v = vilvg andvif E 1y andlvs E 1o
We useL(r) to denote the set of finite words tightly satisfyind’hat isC(r) = {w €
X*lw E r}.

The literature usually provides different definitions for automata over finite vs. in-
finite words. When infinite words are consideredfimjte acceptancl8] (i.e. an au-
tomaton accepts an infinite word if it accepts some prefix of the word by the standard
notion of acceptance for finite words) the same automaton can serve for both finite and
infinite words. Automata are usually defined over a syntactic alphabet. We define them
over a semantic alphabet, using a given set of atomic propositions as follows.

Definition 3 (NFA, co-UFA) AnautomatonA is a tupleA = (P, Q, Qo, 6, F') consist-
ing of the following components:

— P ={p1,...,pn}: Afinite set ofatomic propositions
— Q: Afinite set of automatbbcations

— Qo C Q: A set ofinitial locations

— 0 C Q x Bp x Q: Atransition relation

— F C Q: A set offinal locations

Let A be an automaton for which the above components have been defined. The
input to A is a finite/infinite word overt”p. We define aun of A over a wordw =
w'w! ... to be a finite or infinite non-empty sequence qoq; ... of locations inQ
satisfying the requirements dfitiality i.e. thatg, € @Qo; and of consecution.e. that
|o| < |w|+ 1and for eactd < j < |w| there exist$ € Bp such that(g;,b, ¢;4+1) € d
andw’ [k b. A run satisfying the requirement afaximality i.e. that it is either infinite,
or terminates at a location, which has no successors w.itis termed amaximal run
Leto : goqi1ge - . . be arun of A over a wordw. The runo acceptsw iff w is finite and
qw| € F orw is infinite and there exist$ < 7 < |w| such thalg; € F'. The runo co-
acceptsw iff ¢; ¢ F for all ¢ such thatd < i < |w|. If acceptance is determined by the
existence of at least one accepting run then we refet &s anNFA (non-deterministic
or existential finite automaton). If acceptance is determined by the fact that all runs are
co-accepting then we refer td as aco-UFA (co-universal finite automaton).



The expressive power of regular expressions is the same as that of automata over
finite words (bothnFAs andco-UFAs) [9]. Moreover, as stated formally below, given
a regular expression (that may be composed using fusion as well) it is possible to
generate an equivaleRtA which islinear in the size of therE.

Fact 4 (see e.g. [11]Letr be anRE. There exists amFA N, with size linear in|r|
such that for every word, N, acceptw iff v E r.

2.3 The LogicRLTL

The logic Regular-LTL RLTL) extendsLTL [16] in two ways. First it interprets the
formulas over finite (possibly truncated and possibly empty) as well as infinite words.
Second it adds regular expressions to the logic.

In order to incorporate finite words, the syntaxwoi is extended to include two
next-timeoperators, weakX) and strongX!) [15, pp. 272-273]. The semantics distin-
guish between the weak and strong versions only on finite words and only on the last
letter of a finite wordX ¢ holds on the last letter of any word for apy andX! ¢ does
not. Similarly, since the logic is interpreted over the empty word as well, there are two
versions of a boolean expression: weak and strong [6]. The strong boolean expression
is satisfied over a word if the first letter satisfies the boolean expression, and the weak
boolean expression is satisfied also if there is no first letter, i.e. if the word is empty.

Regular expressions are added to the logic via the operatoor its dual $— .

We refer to the— operator as theuffix implication operator— , sinceri— ¢ (readr
“suffix-implies” ) requires thaif there exists a non-empty prefix of the path tightly sat-
isfying r thenthe suffix starting at the last letter of the prefix should satisf\We refer

to the O— operator as thsuffix conjunction operatosincer {— ¢ (readr “suffix-and”

) demands the existence of a non-empty prefix of the path tightly satisfyang that
the suffix starting at the last letter of the prefix satigfylhese operators are essentially
the “diamond” and “box” modalities of propositional dynamic logio() [8], resp.

The syntax oRLTL is formally defined as follows.

Definition 5 (RLTL) Letb a boolean expression anda regular expressionRE). The
set ofRLTL formulas is recursively defined as follows:

pu= b =l pAe| Xlp| oUp| ri— ¢

Additional operators are defined as syntactic sugaring of the above operators:

def def def
oV = (mpA) e WY = (U (mpAp)) e Xp= (X —p)
ogp—>q/)d§f—|<p\/@/1 oF<pd§ftrueUg0 oGgpdéf(pra/se

ob L —(—b!) or O =(r = =) o 11 % O true

The formular! holds on a wordv iff there exists a prefix. of w which satisfies tightly.
The semantics oRLTL formulas is defined inductively, using the semantics of
boolean and regular expressions in the base case, as follows.



Definition 6 (Formula Satisfaction) Letv denote a word oveE’; b a boolean expres-
sion; r anRE; and ¢ and« RLTL formulas. The notatiom = ¢ means thav satisfies
©. The relationj= is defined as follows:

v Db < |v| >0andw’ F b

v T i g

vEpAY = v Egpandv =y

v EXg < |v]>1andv! = ¢

v U =30 <k < o[ stot g andV0 < j <k, vl =g

LVETE Y EV0< )< vl st E o ol Ey

o A WN R

We us€]¢] to denote the set of finite/infinite words satisfyingThat is[¢] = {w €
2 |w E ).

Note that, as suggested in [6], the semantics is defined with respect to finite (possi-
bly empty) as well as infinite words over the alphabet= 2F U {T, L}. That is, the
alphabet consists of the set of interpretations of atomic propositions extended with two
special symbols” and . Below we mention a few facts about the roleTofand L in
the semantics, for a deep understanding please refer to [6].

By definition we have thafl satisfies every boolean expression includfatse
while | satisfies no boolean expression and in particular, not even the boolean expres-
sion true. By the inductive definition of the semantics, we get thét satisfies every
formula while L “ satisfies none. Using the notions of [7Lif“ = ¢ we say that
satisfiesp weaklyand denote it = . If v1“ = ¢ we say thab satisfiesp strongly
and denote it |2 . If v |= ¢ we often say that satisfiesy neutrally. The strength
relation theoren{7] gives us that ifv satisfiesy strongly then it also satisfies it neu-
trally, and if v satisfiesp neutrally then it also satisfies it weakly. Theefix/extension
theorem[7] gives us that ifv satisfiesy strongly then any extensian of v also satisfies
w strongly. And, ifv satisfiesp weakly then any prefix of v also satisfiesp weakly.

Safety and Livenessintuitively, a formula is said to be safety iff it characterizes that
“something bad” will never happen. A formula is said to be liveness iff it characterizes
that “something good” will eventually happen. More formally, a formglaefines a
safetyproperty iff any word violatingy contains a finite prefix all of whose extensions
violate ¢. A formula ¢ defines divenessproperty iff any arbitrary finite word has an
extension satisfying. We use the definitions of safety and liveness as suggested in [6].
These definitions modify those of [15] to reason about finite words as well.

Definition 7 (Safety,Liveness)LetWW C X,

— W is asafetyproperty if for allw € X>° — W there exists a finite prefix < w
such that forallv > u, v € X — W.
— W is alivenessproperty if for all finiteu, there exists > u such thatw € W.

A formula ¢ is said to be @afety (livenessprmula iff [¢] is a safety (liveness) prop-
erty. Some formulas are neither safety nor liveness. For insténes a safety formula,
F ¢ is a liveness formula, angU ¢, equivalent tap W ¢) A F ¢, is neither.



3 The Subset of Linear Violation

Recall that a formula is said to be safety iff it characterizes that “something bad” will
never happen. Thus a safety formula is violated iff something bad has happened. Since
the “bad thing” happens after a finite execution, for any safety formula it is possible
to characterize the set of violating prefixes by an automaton on finite words. In this
document we focus on formulas for which this violation can be characterized by an
automaton on finite words and by a regular expression, bdthedr size.

Intuitively, a wordv violates a formulap iff v carries enough evidence to conclude
thaty does not hold om and any of its extensions. Using the terminology of [7] we get
that a wordw violatesy iff v £ —¢. Thus, we define:

Definition 8 Lety be a safety formula. We say that a set of wakd®cognizes viola-
tionof piff L ={v|v E —p}.

The following definition captures the setRETL formulas whose violation can be
recognized by a automaton or a regular expression, both of linear size. We denote this
set byRLTLY (whereLV stands for “linear violation”).

Definition 9 (RLTLY) If b is a boolean expressiom,is anRE and ¢, 1 and ¢, are
RLTLY then the following are iRLTLY:

1.5 3. X 5. (bA @1) W (=b A ¢2)
2. 1 A o 4. (bAp1) V (5D A ps) 6.7 ¢

Construction via Violating RE

In the following we define inductively thRE recognizing the violation oRLTLY. By

Fact 4 thisRe can be translated into an automaton on finite words linear in the size of the
RE. Since therE itself is linear in the size of the input formula, this gives a procedure
for generating an automaton of linear size for every formukum. Y. In Section 5 we
provide a direct procedure for generating an automaton of linear size. The benefits of
the regular expression are in its succinctness and in the ability to use existing code for
translating regular expressions into finite automata.

Definition 10 (Violating RE) Letb be a boolean expression,an RE, and ¢, ¢1, ©2
RLTLY formulas. The violatingRe of anrLTLY formulay, denotedV () is defined as
follows:

1. V(b) = b
2. V(p1 A pa) = V(1) UV(p2)

3. V(Xyp) = true-V(p)

4. V((bAp1) V (mbAgs)) = (boV(p1)) U (mboV(p2))

5. V((b A1) W (=bAwz)) =b"-((bo V(1)) U (=boV(gp2)))
6. V(ri— ¢) =roV(p)



That is, a boolean expression is violated iff its negation holds. The conjunction of
two formulas is violated iff either one of them is violated. The form¥lais violated
iff ¢ is violated at the next letter. The formula A ¢1) V (=b A ¢2) is violated iff
eitherb holds andy; is violated orb does not hold ang. is violated. The formula
(b A1) W (=b A o) is violated iff after a finite number of letters satisfyihgither
b holds andp; is violated orb does not hold ang, is violated. The formula i— ¢ is
violated iff ¢ is violated after a prefix tightly satisfying

The following theorem, which is proven in the appendix, states[iap)!] recog-
nizes violation of the formule. That is, that a word has a prefix: tightly satisfying
V() ifand only ifv £ —.

Theorem 11 Let » be anrLTLY formula overP and letv be a word overZp. Then,
V()| = O(|¢|) and[V(p)!] recognizes violation op.

Thus, as stated by the following corollary, for any formylaf RLTLY one can
construct a monitor recognizing the violationfwith size linear inp.

Corollary 12 Let ¢ be anrLTLY formula. Then there exists anFA of linear size
recognizing the violation op.

Proof Sketch Direct corollary of Theorem 11 and Fact 4. a0

In Section 5 we give a direct construction for such an automaton.

4 Discussion

As mentioned in the introduction, we have derived the definitioriafL"Y by com-
bining several results in the literature. In this section we discuss the relatiurof'

to other logics in the literature associated with efficient verification, thus clarifying the
nature of this subset.

4.1 Relation to classification of safety formulas

In [13] Kupferman and Vardi classify safety formulas according to whether all, some,
or none of their bad prefixes are informative, and name timtemtionally safe,acci-
dentallysafe angathologicallysafe, respectively. A finite wordis abad prefixfor

iff for any extensionw of v, w £ ¢. A finite word v is aninformative bad prefifor ¢

iff v )2 —¢.2 It follows that the violating regular expressidiiy) characterizes exactly
the set of informative bad prefixes of

Theorem 13 Letp be anrLTLY formula. Then[V(y)!] defines the set of informative
bad prefixes forp.

2 The concept of an informative prefix was defined syntactically in [13]. We have used the se-
mantic equivalent definition provided by [7].



Proof Sketch Follows immediately from Theorem 11 and Definition 8. O

The subserRLTLY is syntactically weak by definition (since all formulas are in
positive normal form and use only weak operators). Thus, by [13jiallY formulas
are non-pathologically safe (i.e. they are either intentionally safe or accidentally safe).
Therefore, every computation that violatesrarrL" formula has at least one informa-
tive bad prefix.

Theorem 14 All formulas ofRLTLY are non-pathologically safe.
Proof Sketch The formulas oRLTLY are syntactically weak by definition. They are

non-pathologically safe by [13, Theorem 5.3]. O

[13] characterize an automaton fage for ¢ iff for every word violatingy it rec-
ognizes at least one informative bad prefix far They show that violation of non-
pathologically safe formulas can be detected by a fine alternating automaton on infinite
words of linear size or by a fine non-deterministic automaton on finite woresug-
nentialsize. Corollary 12 gives us that feLTL" violation can be detected by a fine
linear-sized finite automaton on finite words.

4.2 Expressibility and relation to the common fragment ofLTL and ACTL

In [14] Maidl studied the subset efc TL formulas which have an equivalentinL . She
defined the fragmentscTLPETandLTLPETof ACTL andLTL, respectively, and proved
that any formula of. TL that has an equivalent incTL is expressible inTLPET. And
vice versa, any formula gfcTL that has an equivalent irTL is expressible imcTLPET.

Below we repeat the definition affLPET, and give its restriction to safety formulas
which we denoteTL V3

Definition 15 (LTLPET,LTLY) Letd be a boolean expression.
— The set of TLPET formulas is recursively defined as follows:
pu= bl A (bAR)V(=bAp) | Xo| (bA@) W (mbA) | (bAg) U (—bAg)
— The set of TLY formulas is recursively defined as follows:
pu= bl oNe| ARV (EbAQ)| Xo| (bA@) W (mbA @)
Theorem 16 LTLY is a strict subset oRLTLY.

Proof Sketch Follows from Definitions 9 and 15. a

Maidl additionally showed that the negation of a formyldn LTLPET is recog-
nizable by a 1-weak &chi automaton with size linear ip. Thus intuitively, the safety

% The setacTLPET and its restriction to safety formulas, which we densta L, are obtained
by replacing the operatodswith AX, W with AW, andU with AU in the definitions of T P°ET
andLTLY, respectively.



formulas ofLTLPET should have anFA of linear size. Theorem 16 together with Corol-
lary 12 state that indeed the restriction.of °ET to safety lies in the subset of formulas
whose violation can be detected by of linear size.

Note thatL.TLY is not only syntactically weaker thaiTLY it is also semantically
weaker tharrLTLY (i.e. it has less expressive power). This can be seen by taking the
same example as Wolper’s in showing that is as expressive as star free omega
regular languages rather than entire omega regular languages [19]. That is, by showing
that the propertyd holds at every even position (yetay hold on some odd positions
as well)” is not expressible inTLY (since it is not expressible inTL) while it is
expressible iRLTLY by the formulatrue- (true- true)* — b.

4.3 Relation to on-the-fly verification of RCTL

In [1] Beer et al. defined the logirCTL which extendscTL with regular expressions

via a suffix implication operator. In addition they defined a subset of this logic which
can be verified by on-the-fly model checking (we term this sukset°™F, whereOTF
stands for “on-the-fly”). A formula can be verified by on-the-fly model checking iff it
can be verified by model checking an invariant property over a parallel composition of
the design model with a finite automaton. Their definitions can be rephrased as follows.

Definition 17 (RcTL,RCTLOTF) Letb be a boolean expression, anc regular expres-
sion.

— The set oRcTL formulas is recursively defined as follows:

pu= b ol oA EXo| EGo| ¢EUp]| ri= ¢
Additional operators are defined as syntactic sugaring of the above operators:
def def def
eV = (e Aw) eAXp = ~(EX-p) epEWY = EGopV (pEUY)
e =Y VY eAFE S(EG ) e AW Y E S (-p EU ~(p V1))

o EF o ¥ trueEU ¢ e AG p & ~(EF —p) e AUY Y AF ¥ A (0 AW ¥)

— The set oRcTLO™F formulas is recursively defined as follows:
pu= bl Al b—p| AXe| AGe| 1= ¢

It can easily be seen that the subset obtained framL°™ by omitting the path
quantifiers (replacing the operato#X with X and AG with G) is a strict subset of
RLTLY. And as stated by the following theorem, the subset@fL formulas that can
be verified on-the-fly can be extended to include all formulas in the subset obtained
from RLTLY by adding the universal path quantifier.

Theorem 18 Let RCcTLY be the subset afcTL formulas obtained by adding the uni-
versal path quantifier to the operatoxsandW in the definition oRLTLY. Then

1. RCTLOTF is a strict subset okcTLY, and

10



2. for every formulayp in RCTLY there exists amFA of linear size recognizing the
informative bad prefixes af.

Proof Sketch The first item is correct by definition. The second item follows by apply-
ing the construction of the violating regular expression (Definition 10) to the formula
obtained by removing the path quantifiers, using Maidl’'s result (thatcan. formula

has an equivalent iorTL iff it has an equivalent imcTLPET [14, Theorem 2]) together
with Clarke and Draghicescu’s result [4] (thataL formulap has an equivalent iorL

iff it is equivalent to the formulay’ obtained by removing the path quantifiers fram

and Corollary 12. O

4.4 Relation to PSL

The language reference manual (LRM)rfL[10] definesthe simple subsgtvhich in-
tuitively conforms to the notion of monotonic advancement of time, left to right through
the property, as in a timing diagram. For example, the prop@ftty — Xb) is in the
simple subset whereas the propésty(aAXb) — c) is not. This characteristic should in
turn ensure that properties within the subset can be verified easily by simulation tools,
though no construction or proof for this is given. The exact definition is given in terms
of restriction on operators and their operands as can be depicted in [10, subsection 4.4.4,
p. 29].

As explained in the introduction since we are interested in model checking as well,
we focus on the safety formulas of the simple subset. There are two differences between
the definition of the safety simple subset in the LRM and the definiticrLof V.

1. The definition in the LRM considers weak regular expressions white does not.
A construction for the safety simple subset of the LRM, including weak regular ex-
pressions, is available in [17]. The reason we exclude weak regular expressions is
that their verification involves determinism which results in an automaton exponen-
tial rather than linear in the size of the formula.

2. The restrictions in the LRM are a bit more restrictive than thosetnL". To
be exact, for the operatoxsandW the simple subset allows only one operand to
be non-boolean, whereasTLY allows both to be non-boolean, conditioned they
can be conjuncted with some Boolean and its negation. It is quite clear that the
motivation for over restricting these operators in the definition of the simple subset
in the LRM is to simplify the restricting rule.

5 Direct Construction

In the following we give a direct construction for aiFA recognizing the violation

of a formula. This automaton recognize a bad informative prefix for any computation
violating the given formula: if a final location is reached on some run, then the observed
prefix is a bad informative prefix. The advantage of this construction over the previous
one is in it being a direct one, thus enabling various optimizations.

11



Theorem 19 Let ¢ be arLTLY formula overP and letw be a word overZp. Then
there exists amrA NV, linear in the size of» recognizing violation ofy.

In the following subsection we provide the construction, we give the proof of its
correctness in the appendix.

As N, recognizes bad prefixes we can reduce the verificatigntofverification of
the invariant propertAG (—“The automaton V., is in a final state”) on a parallel
composition of the design model witkl,. In order to state this formally one needs to
define a symbolic transition system which can model both a given design amehan
and define the result of a parallel composition of two such systems. An appropriate
mathematical model for this is a discrete transition sysbara (see e.g. [3]), inspired
from the fair transition system of [12]. The following corollary states the result formally
using the notion of @7s.

Corollary 20 Lety be anrLTLY formula, then there exists aFA N, = (P, S, Sy, d, F)
linear in the size of such that for any mode\/

D(M) ¢ iff  D(M)|| DIN,) = AG(-at(F))

whereD (M) and D(N,,) are theDTss for M and N, respectively, angit(F) is a
boolean expression stating thaf, is in a final location.

Note that if we define @o-uFa C, with the same components &f, (i.e.C, =
(P, S, 5,0, F)) thenC, accepts a wora iff w = .

Constructing an NFA for a given RLTLY formula
Letr be anrRE such that ¢ £(r), b a boolean expressiom, o1, po RLTLY formulas.
For the induction construction, 1&f,, = (P, Q, Qo,d, F),N,, = (P!, Q",Q}, 8", F*)

andN ., = (P?,Q% Q3,62 F?).

1. Caseb.
Nb = <Pa {%#11#12}7 {Q1}767 {q0}>

whereP is the set of state variables érand

0= {(q17 b7 Q2)7 (QI> "b7 (10); (q07 trUe, qO)a (Q% true7 QZ)}
2. Casep; A s.
Noging =(PUP?.Q'UQ* Q5 UQ;, 6" U FT U F?)
Arun of N, »,, has a non-deterministic choice between a rungf, and a run

of N,,. In any choice it should not reach a state in eitheror F». The resulting
NFA is described in Figure 1.

12
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,,,,,,,,,,,,,,,,, Nevooooi ]
Fig 1. AnNFAfor ¢ A @9 Fig 2. An NFA for X¢
3. CaseXe.

N, = (P,QU{so},{s0},8 , F)

where s, is a new state and’ = ¢ U J,, (50, true, ). The resultingnFA is
described in Figure 2.
4. Case(b A (,01) V (—\b N (,02).

Nnpuvi-ings) = (PYUP {50} UQT U Q2 (s}, 8/, F* U F?)
where
§ =56t usu
UqleQé U(‘Z17C,(I2)€61 (50,0 A ¢ q2)
Ulh €Q3 U(q1,c,q2)€52 (307 —bAc, q2)

A run of N (pae,)v(-brg,) Starts in a new state, if b holds it continues oV,

otherwise it continues oV, . The resultingvrA is described in Figure 3.
bAcy

bAcy

Fig3. AnNFAfor (bA 1)V (mbA p9) Fig 4. AnNFAfor (bA 1) W (=b A p2)

5. Case(b N (pl) W (_\b N (pg).
N oror W (bn ga) = (P*UP? {s)}UQ'UQ? {s0},0, F1 UF?)

where
&' = (s0,b,50) Ut UG2U
UqleQé U(ql,c,q2)e<$1 (50,0 A ¢, q2)
UGIGQS U(ql,c,qz)662(507 b Ac,q2)

The resultingvFA is described in Figure 4.
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6. Caser — o
Let N = (Bp,Q, Qo,0, F') be a non-deterministic automata on finite words ac-
ceptingL(r) (as in [2] for example). Convert it to atFA N recognizing violation
of [r — fals€] by sending every “missing edge” to a new trapping state and mak-
ing the set of final states oW the set of bad states ;. The resultingnFa,
N = (P, QY Q4,0 F!) is defined as follows.

Nl = <P7QU {QSi71k},Q0a517F>

whereP is the set of atomic propositions inand

ot = U {(Q1’ G q2)-(Q1, ¢, q$ivzk)}-

(g1,¢,92)€0

The resultinguFA (recognizing violation ofr — fals€]) is described in Figure 5.

Fig 5. An NFA for r — false

Let N2 = N, = (P%,Q% Q3,6% F?) be theNFa, as constructed by induction
for 5. ThenN is constructed by concatenation®} and.\; as follows:

T2

Nr\—wQ = <P1 U P27Q1 U Q2 U {Qbad}vQé76/7F2 U {qbad}>

whereg,,.q is a new state, and

5t U sU
g — W erhea,aa) [ 30 € F' g3 € Q5 st.(q1,¢1,q2) €6, (g3,¢2,q4) € 6°JU
{(qr,er A N =, qhad) | 3a2 € F' st (q1,¢1,42) € 8"}

{c' | 33€Q%,q4€Q? S.1. (g3,¢/,q4) €52}

The resultingvFa is described in Figure 6.

—@. ..

by, A —e1 A e

Fig6. AnNFAforr — ¢
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6 Conclusions

We have defined a subset of safetyrL formulas. This subset, while consisting of most
formulas run in hardware verification, enjoys efficient verification algorithms. Verifica-
tion of generaRLTL formulas requires an exponentiali€hi automaton. Verification of
RLTLY formulas can be reduced to invariance checking using an auxiliary automaton
on finite words QFA). Moreover, the size of the generateda is linear in the size of

the formula.

We have presented two procedures for the construction of a linear-sized automa-
ton for anrLTLY formula. The first goes through building an equivalent linear-sized
regular expressiorrE), and the other directly constructs the automaton from the given
formula. Both methods provide algorithms that can be easily implemented by tool de-
velopers. We note that for traditional regular expressions, the existencenxsaof
linear size does not imply the existence of a regular expression of linear sizes ase
exponentially less succinct thaiFAs [5]. Since our translation to regular expression
involves thefusion operator, it would be interesting to find whether the result of [5]
holds for this type of regular expressions as well.

The psLlanguage reference manual (LRM) [10], defines a subset of the language,
calledthe simple subsgtvhich intuitively should consists of the formulas which are
easy to verify by state of the art verification methods. However, there is no justification
for choosing the defined subset, and in particular no proof that it meets the intuition
it should. The restrictions made en.tL in the definition of the simple subset in the
LRM reflect the restrictions iRLTLY. Having proved thaRLTLY formulas are easy
to verify by both model checking and simulation, we view this paper as providing the
missing proof.
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